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Widths of KL2,3 atomic level for Ca, Fe, Zn
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Widths of KL2,3 atomic levels for Ca, Fe, Zn has been calculated in a fully-relativistic way using
the extensive multiconfiguration Dirac-Fock and modified Dirac-Hartree-Slater calculations. The
study of de-excitation of theK−1L−12,3 hole state has been presented. Additionally, the approximation
to KL2,3 level widths has been examined.
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I. INTRODUCTION
The multi-hole atomic levels are commonly present in
x-ray emission spectroscopy studies. The KL2,3 atomic
level is an initial level for the transition of Kα1,2L2,3
satellite transitions [1] and a final level for the Khα1,2
transitions [2]. In 2010, Hoszowska et al. [3] suggested
that the ΓL2(K) level widths (i.e. the width of ΓL2 level in
the presence of K-shell hole) is remarkably higher than
the ΓL2 level width, which would explain large K
hα1,2
linewidths observed. A year later, Polasik et al. [4]
pointed out that this statement is not essential for ex-
plaining the Khα1,2 linewidths. In his paper, the width
of the KL2,3 level have been estimated as a sum of the
widths of both K and L2,3 levels, but this estimation has
not been discussed in greater details. The issue of the
widths and the fluorescence yields linked to multi-ionized
hole states has been discussed only briefly in the litera-
ture. In 1971, Larkins [5] presented a study about the
changes of the K-shell fluorescence yield of argon caused
by additional ionization in the L shell. Next, in 1995, the
study of the K-shell fluorescence yield and level width in
the presence of the L-shell hole for lanthanum had been
carried out by Anagnostopoulos [6].
In the present work, the widths of the KL2,3 atomic
levels for Ca, Fe, Zn have been calculated in a fully-
relativistic way. Additionally, the study of de-excitation
of the K−1L−12,3 hole state has been presented, and the
approximation to the KL2,3 level widths considered as a
sum of the K and L2,3 levels has been examined.
II. THEORETICAL BACKGROUND
A. The width of the KL2,3 atomic level
It is well established that the width of
K−kL−l11 L
−l2
2 L
−l3
3 . . . hole levels, i.e. the width of
the level associated with the state having k holes in
the K shell, l1 holes in the L1 subshell, etc., can be
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approximated by means of the following formula:
Γ(K−kL−l11 L
−l2
2 L
−l3
3 . . .)
≃ k · ΓK + l1 · ΓL1 + l2 · ΓL2 + l3 · ΓL3 + . . .
(1)
where ΓK is a width of the level having one K-shell hole,
ΓL1 is a width of the level having one L1-shell hole, etc.
Hence, the width of KL2,3 level can be approximated
this way:
ΓKL = ΓK + ΓL (2)
The K−1L−12,3 (1s
−12p−1) state can de-excite in the fol-
lowing ways (for atoms with 20≤Z≤30):
(a) by filling the K-shell hole by radiative Kα1,2L
−1
2,3
(KL2,3-L2,3L2,3) and Kβ1,3L
−1
2,3 (KL2,3-L2,3M2,3) tran-
sitions or non-radiative KL2,3-L2,3LL, KL2,3-L2,3LM ,
KL2,3-L2,3LN , KL2,3-L2,3MM , and KL2,3-L2,3MN
transitions;
(b) by filling the L2,3-shell hole by radiative Lα1,2K
−1
(KL3-KM4,5), Lβ1K
−1 (KL2-KM4), LηK
−1 (KL2-
KM1), LlK
−1 (KL3-KM1), Lγ5K
−1 (KL2-KN1), and
Lβ6K
−1 (KL3-KN1) transitions or non-radiativeKL2,3-
KMM , KL2,3-KMN , KL2,3-KNN (Auger type) and
KL2-KL3M andKL2-KL3N (Coster-Kronig type) tran-
sitions;
(c) by Two Electron One Photon transitions (TEOP, [7])
of less intensity.
Neglecting TEOP transitions, the total rate of transi-
tions associated with the K−1L−12,3 state de-excitation can
be expressed as:
WKL =WK(L) +WL(K) =
WRadK(L) +W
Nrad
K(L) +W
Rad
L(K) +W
Nrad
L(K) ,
(3)
where WK(L) is a sum of transition rates for transitions
leading to filling the K-shell hole in the presence of the
L2,3-shell hole and WL(K) is a sum of transition rates
for transitions which lead to filling the L2,3-shell hole in
the presence of the K-shell hole (next, in radiative or
non-radiative way, respectively). The relation mentioned
above merged with the relation, in which
Γ =
~
τ
= ~W = ~
∑
i
Wi , (4)
2where Γ is a width of an atomic level and Wi is a rate of
the ith transition leading to de-excitation of the K−1L−12,3
state, leads to the relation expressed in the equation be-
low
ΓKL = ΓK(L) + ΓL(K) =
ΓRadK(L) + Γ
Nrad
K(L) + Γ
Rad
L(K) + Γ
Nrad
L(K) .
(5)
Moreover, the fluorescence yield for the KL2,3 level can
be expressed as
ωKL =
ΓRadK(L) + Γ
Rad
L(K)
ΓKL
. (6)
The K(L) and L(K) indices in Eqs. (5) and (6) are used
to mark auxiliary terms associated to the K shell in the
presence of the L2,3-shell hole and the L2,3 shell in the
presence of the K-shell hole, respectively.
B. Calculation details
The calculations of radiative transition rates have been
carried out by means of Grasp2k code [8]. This code
is based on the Multi-Configuration Dirac-Fock (MCDF)
method. The presented radiative widths have been cal-
culated by using Babushkin [9] gauge. In order to in-
vestigate systematic difference between radiative widths
calculated by using Babushkin and Coulomb gauges,
in the context of the K-shell level width calculation,
see Ref. [10]. The calculations of non-radiative transi-
tion rates have been carried out by means of the Fac
code [11, 12], which is based on a modified Dirac-Hartree-
Slater (DHS) method [12].
The methodology of MCDF calculations performed in
the present studies is similar to that published earlier, in
many papers (see, e.g., [13–17]). The effective Hamilto-
nian for an N -electron system is expressed by
H =
N∑
i=1
hD(i) +
N∑
j>i=1
Cij , (7)
where hD(i) is the Dirac operator for the ith electron and
the terms Cij account for electron-electron interactions.
The latter is a sum of the Coulomb interaction opera-
tor and the transverse Breit operator. An atomic state
function (ASF) with the total angular momentum J and
parity p is assumed in the form
Ψs(J
p) =
∑
m
cm(s)Φ(γmJP ), (8)
where Φ(γmJ
p) are the configuration state functions
(CSF), cm(s) are the configuration mixing coefficients for
state s, and γm represents all information required to
define a certain CSF uniquely. In present calculations,
the initial and final states of considered transitions have
been optimized separately and the biorthonormal trans-
formation has been used for performing transition rates
calculations [8]. Following this, the so-called relaxation
effect is taken into account. Apart from the transverse
Breit interaction, two types of quantum electrodynamics
(QED) corrections (self-energy and vacuum polarization)
have been included. On the whole, the multiconfigura-
tion DHS method is similar to the MCDF method, but a
simplified expression for the electronic exchange integrals
is used [12].
At this point, some of the decisions made while per-
forming calculations recquire explanation. Firstly, be-
cause of mixing the CSFs involving L2 and L3 hole states
within ASFs, the width of the KL2,3 level is taken into
consideration without differentiating on the KL2 and
KL3 levels. Secondly, as a consequence of coupling the
initial states for the Lα1,2 and Lβ1 transitions, as well
as the final states for Lη – Ll and Lγ5 – Lβ6 transitions,
the transition rates for these three pairs have been cal-
culated together. Thirdly, since there is a lot of atomic
levels originating from a given spectator hole for open-
shell atomic systems, the average width of any atomic
level can be expressed by the formula
Γ = ΓRad + ΓNrad = ~
(∑
i X¯i +
∑
j A¯j
)
=
~
(
1
n
∑
i,p,q
Xi,p,q +
1
n
∑
j,r,s
Aj,r,s
)
,
(9)
where the average transition rates, X¯ and A¯, are intro-
duced, n is a number of hole levels corresponding to a
given hole electronic configuration, Xi,p,q stands for tran-
sition rate for the transition between the pth initial level
and the qth final level according to the ith de-excitation
channel, and for the Aj,r,s rate correspondingly.
III. RESULTS AND DISCUSSION
The widths of theKL2,3 level (ΓKL) for Ca, Fe, and Zn,
compared to a sum of K and L2,3 level widths (ΓK+L =
ΓK +ΓL), are presented in Table I. Table II presents the
collection of the values of ΓKL/ΓK+L width ratios, as well
as, the values of ΓK(L)/ΓK and ΓL(K)/ΓL level width
ratios (radiative, non-radiative, and total). Table III
deals with the values of ωK , ωK(L) = Γ
Rad
K(L)/ΓK(L), ωL,
ωL(K) = Γ
Rad
L(K)/ΓL(K), and ωKL fluorescence yields and
ωK(L)/ωK , ωL(K)/ωL, and ωKL/ωK fluorescence yield ra-
tios.
From Tables I and II one can see that: (a) ΓK(L) val-
ues are smaller by about 10% than ΓK values; (b) ΓL(K)
values are larger by about 10% than ΓL values; (c) ΓKL
values are smaller by about 8% than ΓK+L values. There
are a few physical effects involved in the explanation of
these findings.
Statistically, removing one electron from the filled 2p
subshell decreases by 16 the probability of filling the hole
in the 1s shell by electron jump from the 2p subshell
(i.e. by Kα1,2 transitions), because the number of 2p-
electrons being able to fill the 1s-shell hole is reduced
3TABLE I. The widths of the KL2,3 level compared to a sum of the K and L2,3 level widths (all values are in eV).
Γ
Rad
K(L) Γ
Nrad
K(L) ΓK(L) ΓK Γ
Rad
L(K) Γ
Nrad
L(K) ΓL(K) ΓL ΓKL ΓK+L
Ca 0.110 0.534 0.643 0.751 7.88×10−5 0.237 0.237 0.213 0.881 0.965
Fe 0.361 0.622 0.983 1.157 3.59×10−3 0.453 0.457 0.405 1.440 1.562
Zn 0.652 0.668 1.320 1.552 1.08×10−2 0.701 0.712 0.661 2.032 2.213
TABLE II. ΓK(L)/ΓK and ΓL(K)/ΓL level width ratios (radiative, non-radiative, and in total) and ΓKL/ΓK+L width ratios.
Γ
Rad
K(L)
ΓRadK
Γ
Nrad
K(L)
ΓNradK
ΓK(L)
ΓK
Γ
Rad
L(K)
ΓRadL
Γ
Nrad
L(K)
ΓNradL
ΓL(K)
ΓL
ΓKL
ΓK+L
Ca 0.899 0.848 0.856 1.169 1.113 1.113 0.913
Fe 0.903 0.822 0.850 1.337 1.127 1.128 0.922
Zn 0.893 0.813 0.851 1.264 1.074 1.077 0.918
TABLE III. ωK , ωK(L), ωL, ωL(K), and ωKL fluorescence yields and ωK(L)/ωK , ωL(K)/ωL, and ωKL/ωK fluorescence yields
ratios.
ωK ωK(L) ωK(L)/ωK ωL ωL(K) ωL(K)/ωL ωKL ωKL/ωK
Ca 0.162 0.171 1.051 3.16×10−4 3.32×10−4 1.051 0.125 0.768
Fe 0.346 0.367 1.063 6.63×10−3 7.86×10−3 1.185 0.253 0.733
Zn 0.471 0.494 1.050 1.30×10−2 1.52×10−2 1.174 0.326 0.693
from 6 to 5. However, removing an electron from the
2p subshell introduces changes also in the orbitals (con-
traction mostly) due to changing the electron shielding.
This, in turn, leads to increasing the Kα1,2 and Kβ1,3
transition rates. The transition rate for electric dipole
(E1) transition between the initial state |i〉 = |γiJiPi〉
and the final state |f〉 = |γfJfPf 〉 depends on transition
energy Etr and on squared transition operator matrix
element |〈i| e~r |f〉|
2
(so-called line strength, Sif ). This
dependency can be expressed as (see e.g. [18]):
Wi→f =
4
3
E3tr
~c3
|〈i| e~r |f〉|2
1
di
(10)
where di is the degeneracy of the initial state. The
change of both transition energy and line strength
depends on the change of the orbitals. For
better understanding of the above expression the
case of
∣∣1s−1〉
J=1/2
→
∣∣3p−1〉
J=3/2
(Kβ1) and∣∣∣1s−12p−13/2〉
J=2
→
∣∣∣2p−13/23p−13/2〉
J=3
(later referred to as
Kβ1L3) transitions for Zn will be now analyzed. Since
the
∣∣∣1s−12p−13/2〉
J=2
state can be originated only from cou-
pling of the
∣∣1s−1〉
J=1/2
and
∣∣2p−1〉
J=3/2
hole states and
the
∣∣∣2p−13/23p−13/2〉
J=3
state can be originated only from
coupling of the
∣∣3p−1〉
J=3/2
and
∣∣2p−1〉
J=3/2
hole states,
the
∣∣∣1s−12p−13/2〉J=2 →
∣∣∣2p−13/23p−13/2〉J=3 transition can be
considered as the Kβ1 transition in the presence of the∣∣2p−1〉
J=3/2
hole state without additional contribution
of any other CSFs. For the clearer analysis, the reduced
transition rate W¯i→f = diWi→f is used in order to omit
the analysis of the states degeneracy. As one can see from
Table IV, the transition energy, reduced rate, and line
strength for the Kβ1L3 transition are slightly larger than
it is in the case of the Kβ1 transition. This difference can
be attributed to the presence the L3-shell hole. In other
words, the 1s−12p−1 initial hole states are more excited
than the 1s−1 initial hole state, the 2p−2 and 2p−13p−1
final hole states are more excited than the 2p−1 and 3p−1
final hole states, which results in 1s−12p−1 → 2p−2 and
1s−12p−1 → 2p−13p−1 transitions being of larger inten-
sity (and energy) than 1s−1 → 2p−1 and 1s−1 → 3p−1
transitions.
Another issue concerns the point that owing to the ad-
ditional hole in the 2p subshell, the number of the initial
and final states for Kα1,2 and Kβ1,3 transitions is higher.
This influences the average Kα1,2 and Kβ1,3 transition
rates (these rates do not always increase, because of the
exclusion of some states due to selection rules – see Ta-
ble V). Similar effects are observable in the study of non-
radiative de-excitation processes (see Table VI) in the
context of filling the K shell.
4TABLE IV. The case study: differences between parameters
of Kβ1 and Kβ1L3 transitions (see text for details) for Zn.
Kβ1 Kβ1L3 Kβ1L3/Kβ1
ratio
Etr (eV) 9568.849 9645.421 1.00800
S 1.81902×10−4 1.91432×10−4 1.05239
W¯ (s−1) 1.69439×1014 1.82619×1014 1.07779
All of the above findings show that removing one elec-
tron from the 2p subshell decreases the radiative width
of the K shell by less than 16 . The results for ΓK(L)-to-
ΓK ratio gathered in the present work are close to those
obtained by Anagnostopoulos for lanthanum [6].
For de-excitation processes linked to filling the 2p-shell
hole, there are only the effects of increasing the radia-
tive or non-radiative transition rates, which result from
changes of orbitals and numbers of states (see Tables VII
and VIII). As the result, the width of the L2,3 shell
increases in the presence of the additional K-shell hole.
These two effects of opposite outcome, i.e. decreasing
the width of the K level in the presence of the L2,3-shell
hole and increasing the width of the L2,3 level in the
presence of the K-shell hole, do not cancel each other
completely. As the result, the width of the KL2,3 atomic
level is slightly smaller than a sum of widths of the K
and L2,3 atomic levels.
Table III illustrates that the differences between the
fluorescence yields for K-shell hole level and the ones for
the K-shell hole level in the presence of the L2,3 hole
are about 5-6%. These values varies from the difference
values obtained by Anagnostopoulos for lanthanum [6],
which do not exceed 1%, and from the value obtained
by Larkins for argon [5], which is equal to 10%. These
combined results show clearly Z-dependence. Moreover,
it is worth noting that the fluorescence yield for theKL2,3
level are 23-31% smaller than the fluorescence yield for
the K level for considered elements.
IV. CONCLUSIONS
The detailed relativistic calculations for the width of
the KL2,3 level for Ca, Fe, and Zn have been presented
for the first time. Basing on the findings presented above,
two main conclusions can be drawn: (a) the assumption
stated in the work of Polasik et al. [4], concerning the
approximation of the width of the KL2,3 level as a sum
of widths of K and L2,3 levels, proves to be justified
for atoms considered in therein work, as the approxima-
tion errors (i.e. the differences between the width of the
KL2,3 level and a sum of the widths of K and L2,3 lev-
els) are smaller than the other effects considered in the
work of Polasik et al. [4]; (b) the suggestion that the
width of the L2 level in the presence of K-shell hole is
much larger than the L2 level width without the pres-
ence of K-shell hole, stated in the work of Hoszowska et
al. [3], is not valid. The results presented above may be
of a great help in interpreting and benchmarking the K-
shell satellite, Kα1,2L2,3, and the hypersatellite, K
hα1,2,
x-ray spectra measured with high resolution. Moreover,
the Author of present work hopes that these findings will
be also helpful in general discussion about the widths
of multi-hole atomic levels, in the view of the fact that
multi-hole states are commonly present in x-ray emission
spectroscopy studies.
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5TABLE V. Averaging Kα1,2 and Kβ1,3 (de-excitation of K
−1 states) and Kα1,2L
−1
2,3 and Kβ1,3L
−1
2,3 (de-excitation of K
−1L−12,3
states) transition rates for Ca, Fe, Zn.
X¯i (s
−1)
Kα1,2 (×10
14) Kβ1,3 (×10
13) Kα1,2L
−1
2,3 (×10
14) Kβ1,3L
−1
2,3 (×10
13)
Ca 1.579 2.758 1.570 0.984
Fe 5.234 8.411 4.528 9.582
Zn 9.814 12.859 9.118 7.926
TABLE VI. Averaging K-LL, K-LM , K-LN , K-MM , and K-MN (de-excitation of K−1 states) and KL2,3-L2,3LL, KL2,3-
L2,3LM , KL2,3-L2,3LN , KL2,3-L2,3MM , and KL2,3-L2,3MN (de-excitation of K
−1L−12,3 states) transition rates for Ca, Fe,
Zn.
A¯i (s
−1)
K-LL K-LM K-LN K-MM K-MN KL2,3-L2,3LL KL2,3-L2,3LM KL2,3-L2,3LN KL2,3-L2,3MM KL2,3-L2,3MN
(×1014) (×1014) (×1012) (×1013) (×1011) (×1014) (×1014) (×1012) (×1013) (×1011)
Ca 7.744 1.677 4.388 0.918 5.318 6.156 1.761 5.804 1.229 8.658
Fe 9.165 2.166 4.072 1.274 5.296 7.145 2.103 5.046 1.484 7.604
Zn 9.861 2.428 3.821 1.468 5.096 7.618 2.309 4.648 1.656 7.089
TABLE VII. Averaging Lα1,2+Lβ1, Lη+Ll, and Lγ5+Lβ6 (de-excitation of L
−1
2,3 states) and Lα1,2K
−1+Lβ1K
−1,
LηK−1+LlK−1, and Lγ5K
−1+Lβ6K
−1 (de-excitation of K−1L−12,3 states) transition rates for Ca, Fe, Zn.
X¯i (s
−1)
Lα1,2+Lβ1 Lη+Ll Lγ5+Lβ6 Lα1,2K
−1+Lβ1K
−1 LηK−1+LlK−1 Lγ5K
−1+Lβ6K
−1
(×1012) (×1011) (×1010) (×1012) (×1011) (×1010)
Ca 0.000 0.953 0.701 0.000 1.084 1.133
Fe 3.714 3.492 1.686 5.055 3.724 2.542
Zn 12.327 6.780 2.795 15.735 7.038 4.073
TABLE VIII. Averaging L2,3-MM , L2,3-MN , L2,3-NN , L2-L3M , and L2-L3N (de-excitation of L
−1
2,3 states) and KL2,3-KMM ,
KL2,3-KMN , KL2,3-KNN , KL2-KL3M , and KL2-KL3N (de-excitation of K
−1L−12,3 states) transition rates for Ca, Fe, Zn.
A¯i (s
−1)
L2,3-MM (×10
14) L2,3-MN (×10
12) L2,3-NN (×10
10) L2-L3M (×10
8) L2-L3N (×10
13)
Ca 3.151 8.834 3.659 0.000 0.000
Fe 6.027 7.094 2.106 6.078 0.100
Zn 9.620 6.333 1.528 0.000 2.266
A¯i (s
−1)
KL2,3-KMM (×10
14) KL2,3-KMN (×10
12) KL2,3-KNN (×10
10) KL2-KL3M (×10
8) KL2-KL3N (×10
13)
Ca 3.486 11.903 6.062 0.000 0.000
Fe 6.790 9.132 3.314 0.000 0.008
Zn 10.400 8.105 2.386 0.000 1.644
